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Preface

The central theme of this bachelor project is Empirical Process Theory, a
rich field that blends tools from probability, statistics, and functional analy-
sis. This area is pivotal for understanding the behavior of random processes,
especially in high dimensions, where classical techniques often fall short.

This project begins with a recap of key concepts in probability theory, set-
ting the stage for more advanced topics. Next, we delve into concentration
inequalities, such as Hoeffding’s and Chernoft’s bounds, and look at some
applications. In the pursuit of extending these results, we explore random
vectors in high dimensions and study their properties. We then introduce a
broad class of random variables, known as sub-Gaussian random variables,
with the aim of extending the concentration inequalities established in the
previous chapter. These results are instrumental in understanding the be-
havior of sums of random variables and their deviations from expected val-
ues. In the subsequent chapters, our goal is to analyze empirical processes,
which requires introducing tools such as Dudley’s inequality and the Vapnik-
Chervonenkis (VC) dimension. These tools enable us to address key ques-
tions in statistical learning theory, such as bounding the risk of classification
errors.



Chapter 1

Probability Theory: A Quick
Recap

In this section, we recall some probability results that may be used in the
next chapters. We assume that all our random variables live in a well-defined
probability space (£2,7, P). The capital letter X will always denote a real
random variable (rv) unless otherwise stated. When we write iid for a col-
lection of random variables, we mean that the random variables are inde-
pendent and identically distributed. The expectation of X will be denoted
by E(X). The p-th moment of a random variable is defined by: E(X?).
The covariance of random variables X and Y will be denoted cov(X,Y") and
cov(X,Y) = E(X —E(X))(Y —E(Y))). We define the variance of X as
Var(X) = cov(X, X). When we use the change of variable/transformation
theorem, we mean the following:

E(/(X)) = / () () dt

where f is measurable and fx is the density of X, provided the above ex-
pression is well-defined.

An important way of rewriting the expectation uses the tail of the random
variable. If X is a non-negative integrable random variable, it is easy to verify
that: (Expectation with tail)

+00
E(X) :/ P(X > t)dt.
0

This result follows from rewriting X as:

X +oo
0 0
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and applying Fubini- Tonelli’s theorem to interchange the expectation and the
integral. This formula can be extended to any integrable random variable
X, and not only non negative one:

IE(X):/O+OOP(X>t)dt—/_O P(X < 1) dt.

o0

Indeed, for non-positive random variables, —X is a non-negative random
variable and writing the formula for — X, we obtain:

E(-X) = -E(X) :/ P(—=X >t)dt :/ P(X < —t)dt.
0 0
Using the substitution u = —t, we deduce:
0
E(X) = / P(X < 1) dt.

—0o0

Since X = Xt + X~ (the positive and negative parts of X), the formula for
expectation using tails follows by the linearity of E.

We can use this result to derive another useful expression for the expec-
tation of |X [P, which will reappear when discussing sub-Gaussian random
variables. If p € (0,00) and X? is integrable, then:

E(X]?) :/ ptPLP(X]| > 1) dt.
0

Exercise 1.0.1:

Let X be a random variable with finite p-th moment where p € (0, 00).
Show that:

E(|X]?) = / P P(X| > tydt,
0

whenever the right-hand side is finite.

Solution. By the formula for expectation via tails, we have:
E(|X]?) :/ P(XIP > t)dt :/ P(X]| > £/7) dt.
0 0
The equivalence of the events {|X|? > t} and {|X| > t'/?} follows from
the monotonicity of x — z'/P for p > 0. Substituting v = t'/?, we have
1
du = %ﬁ_ldt, so dt = puP~'du. Thus:

/ P(|X|>t1/p)dt:/ puP " P(IX| > ) du.
0 0

4



Hence: -
E(|X]?) :/ ptP U P(|X| > 1) dt.
0



Chapter 2

Concentration inequalities and
their applications

Concentration inequalities quantify how much a random variable deviates
around it’s mean. They usually take the form:

PX —pl>t) < f

where f is a small quantity that depends on ¢ and u. They can give precise
bounds for the “tail” of the distribution. In this chapter, we will derive sev-
eral concentration inequalities using both analytical and probabilistic meth-
ods. We will begin by presenting Hoeffding’s concentration inequality, which
applies to Rademacher random variables, followed by Chernoft’s concentra-
tion inequality, which applies to general Bernoulli random variables. While
these inequalities have valuable applications, they are somewhat limited, as
they only address Bernoulli random variables. To overcome this restriction
and extend their applicability, we will introduce a broader class of random
variables, enabling us to derive more general results.

We begin this chapter by introducing two classical inequalities commonly
covered in any introductory probability course.

Theorem 1 (Markov’s inequality). Let X be a non-negative random variable
with finite expectation. For any a > 0 :

E(X)

a

P(X >a)<
Proof. Fix a > 0. Then we have the function inequality:
a - 1X2a < X.

Using monotonicity and linearity of the expectation completes the proof. [
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Chebyshev’s inequality is our first concentration inequality and it applies
to any random variable with finite second moment.

Theorem 2 (Chebyshev’s inequality). Let X be a random variable with finite
second moment i.e. E|X|* < oco. Show that:

0,2

P(|X_M|Zt)§t—2-

with 0% = Var(X).

Proof. The events {|X — u| > t} and {|X — p|* > t?} are equivalent since
r — 22 is increasing on [0,00). Using Markov’s inequality on the random
variable | X — u/?, which is non-negative, we have:

E(IX —pl?)  o°
P(IX —pl 2 t) = P(X —pf’ 2 %) < ———= = 5.

2.1 Hoeffding’s inequality

Hoeffding’s inequality provides a sharp exponential bound on the probability
that the sum (or mean) of independent symmetric random variables deviates
from 0.

Theorem 3. (Hoeffding’s inequality) :Let X, ..., Xy be independent sym-
metric Bernoulli random variables, and a = (ay,...,ay) € RN. Then, for
any t > 0, we have:

N t2
P X >ty < —_ .
Z ex"( 2||a||%>

Proof. Without loss of generality, we can assume that |la|? = 1 even if it
means dividing by ||a||3. Let A € R be a parameter.

N N
P {Z a; X; > t} =P {exp (AZ ain) > exp()\t)} , exponentiating
i=1

=1

N
<eME exp < A Z a; XZ-) using Markov’s inequality after
i=1

But we also have:



N N
E exp ()\ Z aiXi> = H]Eexp(/\aiXi), (x) using the independence of theXs.
i=1 i=1

Let us fix i. Since X; takes values —1 and 1 with probabilities 1/2 each,
we have

E exp(ha ;) = “PA) :exP(_Mi)

= cosh(Aa;).

Using the inequality : cosh(z) < exp(z?/2) for all x € R, we derive :

22
Eexp(Aa; X;) < exp ()\Qa’) :

Substituting back in (x), we get:

N

N A2a?
P Z%’Xi >t < e_)‘tHeXp ( 5 ’)
i=1 i=1
2
=exp | —At+ ?Za?
i=1

2
= exp (—/\t + %) .

Optimizing over A gives us A =t as an optimal value which is exactly what
we wanted to prove. O

In the proof of Hoeffding’s inequality, we used the following inequality
that we prove as an exercise:

Exercise 2.1.1: A useful inequality

Show that
cosh(r) < exp(z?/2) for all z € R.

Solution. We want to show that:
Vz € R cosh(z) < exp(z?/2)

. We use the Taylor expansions of both cosh and exp:

2n

cosh(z) = Z (:2En)'

n=0




and
0 2n

exp(a?/2) = o

nmyl
n:02 n!

It is easy to see that:

Vn e N 2'nl < (2n)!
because (2n)! is just (2n)-(2n—1)....(n+1)-n! and each of these first n terms
or greater than 2 in the product. Therefore taking the inverse and noticing
we have positive quantities, we get the result. O

We now give an extension of Hoeffding’s inequality to bounded random
variables.

Exercise 2.1.2: Hoeffding’s inequality for bounded rvs

Let Xi,..., Xy be independent random variables. Assume that X; €
[m;, M;] for every i. Then, for any ¢ > 0, we have

N 2t2
P )(Z—IE)(Z = S ex — N o
{Z( )>t}< p( Zizl(Mi—va)

=1

Solution. We first show the following lemma: Suppose X € [m, M| almost
surely, then we have :

E (65(X—EX)) < 6(1/852(M—m)2)

Indeed, without loss of generality, by replacing X by X —E[X], we can assume
E[X] =0, so that a < 0 < b.

Since €’ is a convex function of z, we have that for all x € [a, b],
b—ux r—a
Az < Aa Ab
e _—b_ae +—b_ae
So,
b — E[X] EX] —a
E [XX] < Aa Ab
[e ] — b—a b—a
b @ Xb
b — ae b— ae
— oL(A(b—a))
where
ha a—ea
L(h) = In (1
(h) b—a i ( L a )



By computing derivatives, we find

abe

(b — aeh)?

From the AMGM inequality, we thus see that L”(h) < }l for all h, and
thus, from Taylor’s theorem, there is some 0 < # < 1 such that

L0)=L'(0)=0 and L"(h)=—

L(h) = L(0) + hL'(0) + %hQL”(hH) < éh? (2.1)
Thus,
E [eM*] < eV (=), (2.2)
We are now ready to prove the result:

P (S, —E[S,] > s) = P (exp(t(Sn — E[S,])) > exp(ts))
< exp(—ts)E [exp(t(S, — E[Sn]))]

= exp(—ts) H E [exp(t(Xz‘ - E[Xz]))]

=1

< exp(—ts) ﬁexp (M)

=1
1 n
= exp (—té’ + §t2 Z(bZ — ai)2>
=1

Here we used Markov’s inequality and independence.Taking then ¢ =

W,which minimizes the quantity above as a function of t gets us the
i=1\0i — a4
desired bound. O

We now give a first application of Hoeffding’s inequality

Exercise 2.1.3: Boosting randomized algorithms

Imagine we have an algorithm for solving some decision problem (e.g., is
a given number p a prime?). Suppose the algorithm makes a decision at
random and returns the correct answer with probability %+5 with some
0 > 0, which is just a bit better than a random guess. To improve the
performance, we run the algorithm N times and take the majority vote.
Show that, for any € € (0, 1), the answer is correct with probability at

least 1 — ¢, as long as
1 1
N>—In|-].
_252n(6)
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Solution. Let Xi,..., Xy be the indicator of the events i.e. X; follows a
Bernouilli law of parameter 1/2 + 4. Let

N
SN = ZXZ
=1

Let € > 0. We take a majority vote that is we look at the event {Sy > N/2}.
We want to bound

P(Sy > N/2) = P (Sy — E(Sy) > N/2 — E(S,)).

Since
E(Sy) + N/2=N§

using Hoeffding’s inequality for bounded random variables, we get :
P(Sy > N/2) < ¢ 2N
Now we want this probability to be less than ¢ this means
N > 1/26%In(1/¢)
which is the inequality we wanted to have. O]

A second application of Hoeffding’s inequality is the following bound:

Exercise 2.1.4: Small ball probability

Let Xy,..., Xy be non-negative independent random variables with
continuous distributions. Assume that the densities of X; are uniformly
bounded by 1.

(a) Show that the MGF of X; satisfies

Eexp(—tX;) < - forallt>0.

& | =

(b) Deduce that, for any € > 0, we have

P {i){ < 5N} < (ee)™.

11



Solution. (a) Using the transformation formula for the expectation, we
have :

E(exp(—tXj;)) _/o Ooexp(—tx)fxi(:c)dx §/0 Ooexp(—t:c)dx—%

Since X; are almost surely non negative and their density is bounded
by 1.

(b)

P(iXiée-N> :p<§:_fiz—N> (2.3)
=P (exp(z _;Xi > €N> (2.4)
<E (exp(z _;Xi)eN> (2.5)

= HE (exp( ;X )) e (2.6)
< (H %) &N (2.7)
=(e-e)Y (2.8)

Here we used Markov’s inequality once (in the 2.3 line) and the question
(a) to maximize the expectation of the exponential (line 2.3 to 2.4).

[]

In the next section, we present an other concentration inequality.
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2.2 Chernoff’s inequality

We saw that Hoeffding’s inequality already finds some nice applications. In
this section, we present an other concentration inequality that will apply to
general Bernouilli random variables.

Theorem 4. [Chernoff’s inequality] Let X; be independent Bernoulli random
variables with parameters p;. Consider their sum Sy = ZZ]\LI X; and denote
its mean by p = ESy. Then, for any t > p, we have

P{Sy >t} <e* (%)t

Proof. The idea of the proof is the same as the proof of Hoeffding’s inequality.
Let A € R be a parameter. As in Hoeffding’s inequality proof, using Markov’s
inequality and exponentiating, we get:

P{Sy >t} < e M HEexp(/\Xi). (%)

=1

Now, it remains to compute Eexp(AX;) : Since X; takes value 1 with prob-
ability p; and value 0 with probability 1 — p;, we have

Eexp(AX;) = erp; + (1—p) =1+ (e)‘ —1)p; < exp [(e)‘ - 1)pz~} )

Using the numerical identity (14 z) < e”:

N
H Eexp(AX;) < exp

i=1

N

(e*=1) Zp@-] = exp [(¢* = 1)u] .

i=1

Now going back to (x) and choosing A = u/t, we get the claim. O

We now give in an exercise a small modification of Chernoff’s inequality
proof to bound the lower tail of Sy.

Exercise 2.2.1:

Modify the proof of Theorem [4] to obtain the following bound on the
lower tail. For any ¢t < u, we have

P{Sy <t} < e* (%)t

13



Solution. Let N
Sy = ZXi where X; ~ Bern(p;).
i=1

Let A > 0 and ¢t < p where p is the mean value of Sy.

~AS oy E(e7) . . .
P(Sy <t)=Ple" > e ) < ——— Using Markov’s inequality
e
Then,
E(e ™) = HE(e"\Xi) Using independence
i=1
But

E(e ) = pie™ + (1 — p;) < ere-D
using the inequality 1 + x < e®. From this, we get :

P(SN < Zf) < eAtHE(ef/\Xi) _ eAte(e*Afl)Z?:lpi _ e)\te(e*)‘—l),u'

This inequality holds for all A > 0, thus plugging for A = In(u/t), we get the
desired result (indeed p/t > 1 by assumption). O

An interesting result is that we can extend Chernoft’s inequality to Pois-
son’s random variable using limit theorem approximation.

Exercise 2.2.2: Poisson’s tail

Let X ~ Pois()\). Show that for any ¢t > A\, we have:

P{X >t} <e? <?>t

Solution. Let X ~ Pois(\). Let t > A. We know by Poisson’s limit theorem
(appendix) that there exists a sequence X, ,, ~ Bern(p; ) such that S, :=
> Xin converges in law to X. Moreover, p, = Y pin = E(S,,) converges
to A. In this context, Using Chernoff’s inequality that holds for all n and
t > A\ > p,, we have:

P(S, > 1) < et (%)t

Now taking the limit as n goes to infinity (using the convergence in law to
take the limit inside the probability) and using the fact that u, increases to
A, we get the desire result. O

14



We now give a generalisation of Chernoft’s inequality:

Exercise 2.2.3: General Chernoft’s inequality

Show that, in the setting of Theorem , for 6 € (0,1] we have
P{|Sy — pul > du} < 27

where ¢ > 0 is an absolute constant.

Solution. Let us be in the context of Theorem || (Chernoff’s inequality). Let
§e(0,1] :

P(|Sy — pl = 6p) = P(Sp, > (6 + 1)) + P(Sn < (1 —6)p)
Using theorem [ (with ¢ = (6 + 1)p , t > p):

P(S, > (6+1)p) < eu(ﬁ)(lﬂ)u

Using exercise 2.2.1 (with ¢t = (1 — §)u, t < u):

P(Sh < (1=0)) S e (i) ™)

. Now we want a bound on :

ep . L \a+o)
A=eH | —F o ©
‘ ((1—5)u> e ((1+5)u)

— MG T ) T s e

< 2e001%/2)

Exercise 2.2.4: Poisson’s distribution near the mean

Let X ~ Pois()\). Show that for ¢ € (0, A], we have

t2
P{|X — Al >t} <2exp (_CX> .

Solution. Let X ~ Pois(\) where A > 0let ¢t € (0, A\] and ¢ > 0 of the[2.2 In
the setting of exercise 2.3.3, we have :

15



converges to

P(IX = A[=1)

because (5,,) converges in law to X and p,, increases to A\. Now using exercise

with § = t/p, € (0,1] , we get :

P18 — fia] > 1) < 2exp(—cptn(—)2) = 2exp(—ct/ 1)

n

Now taking the limit as n goes to infinity and using continuity of exp, we get
the desired inequality :

P(IX — A\ >t) < 2exp(—ct®/)N).

Exercise 2.2.5: Normal approximation to Poisson

Let X ~ Pois(\A). Show that, as A\ — oo, we have

X =2
——— — N(0,1) in distribution.

VA

Solution. Let .
Sy = in where X; ~ Poi(A\/n).
i=1
We have
E(X;) =A/n and Var(X;)=+A/n

Sy ~ Poi(\) and central limit theorem (see appendix) gives us:
1 %Sn—)\/n_Sn—)\
vn VA/n VA
converges in distribution to Z where Z ~ N(0,1). Since S, 2 X we have
the result. ]
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Some more applications of Chernoff’s inequal-
ity.

Computing 7

Exercise 2.2.6: Computing 7

Choose N points (z1,¥1), ..., (zn,yn) from [—1, 1] x [—1, 1] uniformly
and independently at random, and let

N

. 4 .
= N Z ic(xi, y;)

i=1
where
1, ifa?+9y2<1,

we(x,y) =
(@) 0, otherwise.

—

Fix 0,& > 0, show that if N > 472 .1og(2/6), then the probability
that 7 is in the interval [(1 — )7, (1 + ¢)7] is at least 1 — 4.

Solution. At first, we define the sets S := [—1,1] x [-1,1] and X := {(x,y) |
22 + y* < 1} and observe that ||S|| = 4 and || X| = 7. (Here we use the
notation [|S]| to denote the area of S.)

Note that Y; = ic(x;, y;) are independent Bernoulli-distributed random vari-
ables, with parameter p = w/4. We can apply the inequality of Chernoff and
estimate the probability as follows:

l ™
2N

Since N > 4e7210g(2/4), a simple calculation shows that the probability
that 7 is in the set [(1 — &), (1 + €)7] is at least 1 — 9.

P >c. N% < 2¢NE/3,

[]

Erdos Rényi Random graphs

In this section, we look at random graphs G(n,p) that follow the Erdds
Rényi model. Every pair of the n vertices are connected to each other with
probability p. In applications, the Erdos-Renyi model often appears as the
simplest stochastic model for large, real-world networks. The degree of a

17



vertex is the number of edges incident to that vertex. The expected degree
of each vertex in G(n,p) clearly equals:

(n—1)p=:d

Theorem 5 (Dense graphs are almost regular). There is an absolute constant
C' such that the following holds. Consider a random graph G ~ G(n,p)
with expected degree satisfying d > C'logmn. Then, with high probability (for
example, 0.9), the following occurs: all vertices of G have degrees between

0.9d and 1.1d.

Proof. The argument is a combination of Chernoft’s inequality with a union
bound. Let us fix a vertex i of the graph. The degree of i, which we denote
d;, is a sum of n — 1 independent Ber(p) random variables (the indicators
of the edges incident to 7). Thus we can apply Chernoff’s inequality, which
yields

P{|d; —d| > 0.1d} < 2e™,

This bound holds for each fixed vertex i. Next, we can “unfix” ¢ by taking
the union bound over all n vertices. We obtain

P{3i<n:|d—d >01d} <> P{|d—d| >0.1d} <n-2e

=1

If d > C'logn for a sufficiently large absolute constant C', the probability
is bounded by 0.1. This means that with probability 0.9, the complementary
event occurs, and we have

P{Vi<n:|d; —d| <0.1d} > 0.9.

This completes the proof. n

Exercise 2.2.7:

Consider a random graph G ~ G(n,p) with expected degrees d =
O(logn). Show that with high probability (say, 0.9), all vertices of G
have degrees O(logn).

Solution. Let d;,d denote the same quantity as in the proof of the above
theorem. We assume that d = O(logn), that is there exists N € N,;C' > 0
such that d < C'logn for n > N. Using Chernoft’s inequality as in the
theorem above, we get :

P{|d; —d| > logn} < 2e” = O(=.)

S|

18



Now by "unfixing i”, we get with a union bound, we have:

P{3i<n:|d—d >logn} <> P{|d—d| >logn} <n-2e=0(1).

=1

This means that for n large enough the probability of the above event is very
small say less that 0.1, so for n large enough the probability that all vertices
have degree O(logn) is greater than 0.9. ]

While Hoeffding’s and Chernoff’s inequalities have notable applications,
their scope is limited as they apply exclusively to Bernoulli random variables.
Furthermore, real-world data is often represented with high-dimensional vec-
tors, making univariate concentration inequalities like Hoeffding’s and Cher-
noff’s less practical. The next chapter aims to extend these inequalities to
accommodate a broader class of random variables.
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Chapter 3

Random vectors in high
dimension

In this chapter, we build upon the foundations laid in Chapter 2 by extend-
ing our analysis of concentration inequalities to a broader and more powerful
framework. While Chapter 2 focused on classical inequalities such as Hoeffd-
ing’s and Chernoft’s bounds, which are primarily limited to independent and
bounded random variables, Chapter 3 introduces tools and concepts that al-
low us to analyze more complex random structures such as random vectors.
This is a first step to the world of high dimensional probability. We will first
start by introducing the notion of random vectors and look at certain clas-
sical distributions like the multivariate normal distribution and the uniform
multivariate distribution. After gaining some understanding of random vec-
tors, we introduce a new class of random variables known as sub-Gaussian
random variables that will help us extending our concentration results. By
exploring these generalized distributions, we not only gain a deeper under-
standing of the behavior of random variables but also develop techniques
that are crucial for analyzing high-dimensional random processes. These re-
sults serve as the foundation for subsequent chapters, where we apply these
advanced concentration tools to empirical processes theory and statistical
learning problems.

This chapter provides a bridge between the more restrictive results of
Chapter 2 and the sophisticated methods of empirical process analysis in later
sections, making it an essential step in our progression towards understanding
ways to work with empirical processes.

20



3.1 Analysis of random vectors

We observed that the expectation and variance of random variables served
as powerful tools for deriving the concentration inequalities we established.
This naturally leads to the question: how can we extend the concepts of
expectation and variance to random vectors?

The expectation of a matrix is just the matrix of the coordinates-wise
expectation.

Definition 1. (Variance-covariance matriz) The variance/covariance matrix
of a random vector X € R" is :

cov(X)=E(X —u)(X —p)" =EXXT —pup",  where p=EX.

Definition 2. (Isotropic random wvectors). A random vector X in R" is

called isotropic if
YX)=EXX' =1,

where I, denotes the identity matriz in R™.

How can we transform a vector to be isotropic ?

Exercise 3.1.1: Reduction to isotropy

(a) Let Z be a mean zero, isotropic random vector in R”. Let u € R™
be a fixed vector and ¥ be a fixed n X n symmetric positive
semidefinite matrix. Check that the random vector

X :=p+3?Z
has mean p and covariance matrix cov(X) = X.

(b) Let X be a random vector with mean p and invertible covariance
matrix ¥ = cov(X). Check that the random vector

Z ="YX —p)

is an isotropic, mean zero random vector.

Solution. Let Z be a mean 0 isotropic vector.

(a) We show that: X := p + %27 has expectation g and covariance .
First we prove the fact that if A is a matrix and X a vector (with right
dimensions) then :

E(AX) = AE(X)

21



But AX; =Y, _, aixx, SO
E(AX); =) a;xE(zx) = (AE(X));.
k=1

Therefore, )
E(X) =E(p) + X2E(Z) = p.

Now we compute the variance-covariance matrix of X :

E((X - p)(X - p)") = E ((252)(z42)7)
—E (E%ZZTE%T>
= YeE(zZ7)xz
=
(b) Now we let
Z =7 (X - p).

By linearity of expectation with see that Z has expectation 0. Com-
puting we get:

E(Z - m)(Z-w)") =STEX — p)(X — p)"(87)" - E(up”) = L.

So 7 is an isotropic vector.

We next give a useful characterization of the notion of isotropy.

Lemma 1. (Characterization of isotropy) A random vector X in R" is
1sotropic if and only if

E(X,2)* = ||z]|3 for all z € R".

Proof. Recall that two symmetric n X n matrices A and B are equal if and
only if T Az = 2" Bz for all x € R™. (Check this!) Thus X is isotropic if
and only if

x’ (IEXXT) r=ux Iz forall xzeR"™

The left side of this identity equals E(X, x)? and the right side is ||z||3. This
completes the proof. O
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Here is a nice application of this result:

The symmetric Bernoulli distribution is #sotropic. This can be easily seen
again by checking E[(X,¢e;)?] =1 for all i = 1,...,n, or for any z € R™ by
checking that

E[(X, z)* = [|lz[l3-

=E i X7a?
=1

Lemma 2. : Let X be an isotropic random vector in R™. Then

Z Xinl'l'l'j

1<i<j<n

E[|IX])3 = n.
Proof.

E(|X]3) =E(X'X)=E(tr(X'X)) (viewing X'X as a1 x 1 matrix)
=E (tr(XX i) ) (by the cyclic property of trace)
=tr (E(XX")) (by linearity)
= tr(1,) (by isotropy)
=n.

Exercise 3.1.2: Distance between isotropic vectors

Let X and Y be independent, mean zero, isotropic random vectors in
R™. Check that
E||X - Y3 = 2n.

Using this lemma, we can compute the distance between isotropic random
vectors with respect to the L? norm.

Solution. By linearity, we compute the distance between isotropic random
vectors using the previous lemma: E(|X — Y|[5) = IE(XTX) + E(YTY) —
E(XTY) + E(YTX) = 2n Because E(X”X) = E(|X|3) and E(YTX) =
E(XTY) because transposed real numbers are the same.

O

We are now ready to study some classical high dimensional distribution.
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3.2 Multivariate uniform distribution

We say that a random vector X ~ Unif (y/nS™ ') when X is uniformly
distributed on the Euclidean sphere of R™ with radius y/n centered at the
origin. We now check that the uniform distribution is isotropic.

Exercise 3.2.1: Uniform distribution on the sphere

Show that the spherically distributed random vector X is isotropic.
Argue that the coordinates of X are not independent.

Solution. We use the characterization of isotropy of lemma [I} By the rota-
tional invariance of the distribution of X, we have that projections E ({X, z)?)
depends only on the length of x. Let {z = x1,...,z,} be orthogonals vectors
of norm ||z||. Then

n

nE ((X,z)*) =E (Z<X, rCz-)) =E ([IX[*[|l=[*) = nll=|*

k=1

And so the conclusion of lemma [1] tells us that X is isotropic. ]

3.3 Multivariate normal distribution

We say that ¢ = (g1,...,9,) has the standard normal distribution in R",
denoted
g~ N(0,1,),

if the coordinates g; are independent standard normal random variables
N(0,1). The density of Z is then the product of the n standard normal
densities (1.6), which is

n 1 5 1 2
_ —a2/2 _ ~l=3/2 e R 3.4
() g = Tk , (3.4)

The standard normal distribution is isotropic. Indeed:

We can use lemma [2} X is isotropic if and only if for all unit vector u:
E({X,u)?) = 1 But this is true because a sum of mean zero gaussians is a
mean zero gaussian.
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Exercise 3.3.1: Rotation invariance

Deduce the following properties from the rotation invariance of the
normal distribution.

(a) Consider a random vector g ~ N (0, I,,) and a fixed vector u € R™.

(b) Consider independent random variables X; ~ N(0,c?). Then

(c) Let G be an m x n Gaussian random matrix, i.e., the entries of

Then
(g,u) ~ N(O, |Jull3).

ZXi ~ N(0,0?%) where 0% = Zaf.
i=1 i=1

G are independent N(0,1) random variables. Let u € R™ be a
fixed unit vector. Then

Gu ~ N(0, I,,).

Solution. (a) Consider a random vector g ~ N (0, [,,) and fix a vector u in

R™, if we take (eq, ..., e,) the canonical basis of R™ then :
(g.u) =) wilg,u).
k=1

Now we know that each u;(g, u;) follow a N(0,u?) law so we have by
sum of gaussians:

X~ N(O, [lul;
If X; ~ N(0,0?) then 1" | ~ N(0,0?).
This result can easily be recover by computing the MGF of the sum and

use independance. Then we know that MGF completely characterises
the random variable.

Let ©u € R™ be a unit vector and G be a random m x n Gaussian-matrix.
We have Gu ~ N(0, I,,,) Indeed,

(Gu)i =Y Giju; = (Gi, u)
j=1
where G; is the i-th row of G. Now since G; ~ N(0, I,,) by definition,
we have that:

(Gu); ~ N(0,1)
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by question (a) (because u is a unit random vector). So this concludes

the proof.
m

We next give a characterisation of gaussian random vectors.

Exercise 3.3.2: Characterisation of gaussians (via projections)

Let Y be a random vector in R”. Suppose that for all u € R* «’X
has a uni variate Gaussian distribution. Let p be the mean of Y and X
be the covariance matrix of Y. Then the moment generating function

of Y is

My (u) = e+ Hu"S

Solution. Let v € R? be arbitrary. Then v'Y is scalar Gaussian with mean
v"p and variance v Qu. Hence it has moment generating function:

t2
M,y (t) =E <et”TY> = exp {t(vTu) + §(UTQU)} :
Now take ¢ = 1 and observe that
Myry(1) = E (é”) — My (v).
Combining the two, we conclude that

1
My (v) = exp <vTu + ivTQv) , veERL

The moment generating function of Y is the same as the moment gen-
erating function of a N(u,¥) random variable and since MGFs completely
determinate a random variable, we see that Y ~ N(u, o). O

The following exercise builds upon the framework developed so far to
compute the distances of projections of a mean-zero Gaussian vector with

covariance I,,.
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Exercise 3.3.3:

Let X ~ N(0, I,,).

(a) Show that, for any fixed vectors u,v € R™, we have

E (X, u)(X,v)) = (u,v).

(b) Given a vector u € R"™, consider the random variable X, :=
(X,u). From Exercise 3.3.1 we know that X, ~ N(O, |lu|3).

Check that
[ Xu = Xollz, = |lu —vl|2

for any fixed vectors u,v € R". (Here || - ||, denotes the norm in
the Hilbert space L? of random variables)

Solution. (a) Let X ~ N(0, 1,,).
E (X, o)(X,U)) = E@" X XTu) = v"E(X X )u = v'Lu = (u,v).

(b)

1Xu = X7, = E(QX)+E(X) —2E(X,X,) = [fully=2(u, o) +H[vlls = [lu— o]

By using question (a).Taking the root on both sides finished the claim.
O

We look at a last property of Gaussian random vectors.

Exercise 3.3.4:

Let G be an m x n Gaussian random matrix, i.e., the entries of GG are
independent N (0, 1) random variables. Let u,v € R™ be unit orthogo-
nal vectors. Prove that Gu and Gv are independent N (0, /,,,) random

vectors.

Solution. We already proved that G, and G, are N(0, I,,,) vectors in exercise
3.3.3. Now we want to show independence. We remember that in the case
of gaussian random vectors, uncorrelatedness and independence is the same.
So we need to show that Cov(Gu, Gv) = 0 But this comes naturally as:

Cov(Gu, Gv) = E(Guv™GT) = 0

because u and v and orthogonal vectors. We now introduce a new class of

random variable in order O
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3.4 Sub-gaussian random variables

Although Hoeffding’s inequality and Chernoff’s inequality have valuable ap-
plications, they are limited to a very restricted class of random variables.
Sub-Gaussian random variables provide a framework for extending concentra-
tion inequalities to a broader class of random variables, beyond just Bernoulli
random variables. This class of random variables will prove to be highly ef-
fective for obtaining general results when dealing with empirical processes.

We first see that the p-norm of a random variable Z such that Z ~ N (0, 1)
is bounded when divided by ,/p. This will turn out to be a characteristic
property of sub-gaussians random variables.

Exercise 3.4.1:

Show that for p > 1, the random variable X ~ N(0, 1) satisfies

1/p

Deduce that
Xz, = O(\/p) asp— oco.

Proof. 1. We first compute E(|X|?). Using transformation formula:

1 [t 2
E(|X|P) = — |t[Pe=t/2dt.
21 J oo

Now since the integrand is even the integral can be written as

2 /+oo tPe /2t
e (& .
vV 2T 0

Using the change of variable u = t2/2, we get du = tdt = v/2udt and
t? = (2u)P/?, the integral becomes :

2p/2 +o0
VT

Now taking the p-th root, we get the wanted result :

wP D 2emu gy,

E(X]?) = %27 / " Qup e ) (VEu)du

B(XP) = VAo,
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2. Using Stirling’s approximation for I'(z) &~ (£)* /2% we have:

+1 +1\ "2 T e
g <pT) ~ (pze > e i I R Ve

Using this and simplifying /7 with T'(1/2), we get:

L))
E(’X‘p>1/p =2 <T/22)) ~ V2. 20-n)/2p e~ PO/ 2p(p 4 1)1/2

Now since the limit quantity is clearly bounded when dividing by /p ,
we get the wanted result .
O

The following theorem give some conditions that characterize sub-gaussian
random variables.

Theorem 6. (sub-gaussian properties) Let X be a random wvariable . Then
the following properties are equivalent;

(i) There exists Ky > 0 such that the tails of X satisfy

P{|X| >t} <2exp (—t*/K}) forallt > 0.

(i1) There exists Ko > 0 such that the moments of X satisfy

X = (EIX[P)'7 < Ko\/p  forallp > 1.
(iii) There exists K3 > 0 such that the MGF of X? satisfies

1
Eexp (N X?) <exp (Ki\*)  for all X such that || < PR
3

(iv) There exists Ky > 0 such that the MGF of X? is bounded at some point,
namely
Eexp (X?/K}) < 2.

The parameters K; > 0 appearing in these properties differ from each other
by at most an absolute constant factor.
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Moreover, if EX = 0 then properties (i)—(iv) are also equivalent to the
following one.

(v) There exists K5 > 0 such that the MGF of X satisfies

Eexp(AX) < exp(K2Z\?) for all A € R.

We have already seen that a random variables X that follows a N(0,1)
is a sub-gaussian random variable as it satisfy property (ii) of Theorem 6
(see [3.4.1]). Also, looking at property (iv) it can easily be checked that any
bounded random variable is sub-gaussian.

The next exercise shows some property when satisfying property (v) of
Theorem 6.

Exercise 3.4.2:

(a) Show that if X ~ N(0,1), the function A — Eexp(A\*X?) is only
finite in some bounded neighborhood of zero.

(b) Suppose that some random variable X satisfies Eexp(A\?X?) <
exp(K\?) for all A € R and some constant K. Show that X is a
bounded random variable, i.e., || X ||, < 00.

Proof.  (a) Suppose X ~ N(0,1). Using the transformation formula, we
get :

2 Foo 2 oo
E(exp(A\2X?)) = _27r/0 N e R gy = —%/0 e(’\Q’l/Q)sza:,

which is finite if and only if A € (—v/2/2,v/2/2). Thus E(exp(\2X?))

is finite only on an open bounded neighborhood of 0.

(b) Let ¢ > 0 and A > 0. Suppose we meet the condition stated in the
exercise.

E(exp(X2\?))  exp(K?)\?)
A2t2 = A2z

P(|X]>1t) = P (exp(\2X? > \*1?)) <

where we used Markov’s inequality and the bound on the MGF of X?2.
This quantity goes to 0 as t goes to infinity. This show the set of X
being infinity is of probability measure 0 thus X is P-almost surely
bounded.

[
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We now put a norm on the space of sub-gaussian random variables.

Definition 3. (Sub-gaussian rvs and sub-gaussian norm) A random variable
X that satisfies one of the equivalent properties (i)-(iv) [¢| in Proposition
2.5.2 is called a sub-gaussian random variable. The sub-gaussian norm of
X, denoted || X ||y,, is defined to be the smallest K4 in property (iv). In other
words, we define

| X ||y, = inf {t > 0: Eexp(X?/t?) < 2}.

One can check that the space of sub-gaussian random variable is a sub-
space of any LP(Q), T, P),p > 1.

Exercise 3.4.3: Sub-gaussian norm

Check that ||- ||, is indeed a norm on the space of sub-gaussian random
variables.

Proof. Here we check that ||X||y, is a norm on the space of sub-gaussian
random variables. First, we see that this norm is well defined thanks to
property 4 of sub-gaussian random-variables. Now if X is such that || X||y, =
0. That means by definition that there exists a sequence of real number (t,,)
such that lim, . #, = 0 and such that Vn € N FE(exp(X?/t?)) < 2. By
contradiction, let’s assume that X is non zero on a non null set. That is the
expectation of X? is not zero as well. We have :

E(exp(X?/t2)) Z X2k /2R ) (3.1)
k=0

= E(X*) /6! (3.2)
k=0

Using monotone convergence theorem to interchange the expectation with
the infinite sum. Letting n go to infinity, we get that this quantity goes
to infinity as we can interchange limit and sums for power-series like the
exponential. This is our contradiction, indeed we stated that the MGF of
X? was bounded by 2 for all ¢,.

Now, we check
|aX[ly, = la[[|X]ly,,Va € R.
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Let f: 2~ e . Pick a € R.It suffices to realize that
|al[[ X1l

is in the set
{t: Ef (X/[IX]|yt) <2}

Now triangular inequality: Let X,Y be sub-gaussians random variables.
we notice that f is a convex increasing map therefore by Jensen’s inequality,
we have :

B (1(550) < SR GAXI/) + SHEGYI)

a+b a+b

Now letting
a :HXH@ow :HYH%?

we get that a + b is in the set of:

{tE <exp<@>) <2},

so we get the result. O

This next exercise shows that we can get a sharp bound on the maximum
of sub gaussian random variables using a union bound.

Exercise 3.4.4: Max of sub-gaussians

Let X4, X5, ... be a sequence of sub-gaussian random variables, which
are not necessarily independent. Show that

| X
E — < (CK
m?X\/l—i—logi_ ’

where K = max; ||.X;||y,. Deduce that for every N > 2, we have

Eni%dXJ < CK+/log N.

Solution. Let Y; = CRU o9 and let ¢t > 1.
P(Fi:Y;>t) < Z (Y; > 1) < e (by sub-gaussianity)
n=0
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using sigma-sub-additivity. then we use that P(Y; > t) < Therefore,we can
compute the formula of expectation with tail for Y; and get

2

o) 1 o)
]E(main):/ P(EI@':YZ-Zt)dtS/ P(EI@':YQZt)dt—i—/ e "dt =C
v 0 0 1

Thus, we get the result for question 1. By using linearity of the expectation
and the fact that log is an increasing function, we get the desired bound for
question 2. ]

Lemma 3 (Centering). Let X be a sub-gaussian random variable. Then
X — E(X) is also sub-gaussian and:

||X - EXH#& < C||X||¢2’
where C'is a positive constant.

Proof. Using the fact that any constant is sub-gaussian (in particular E(X)
is sub-gaussian), we get the claim using triangular inequality. O]

We are now ready to state a more general Hoeffding’s inequality.

3.5 General form of Hoeffding’s inequality

The following theorem is a generalization of Hoeffding’s inequality where we
assumed that random variables had a bounded second moment. It will turn
out to be useful for proving results about empirical processes in chapter 4.

Theorem 7. (General Hoeffding’s inequality) Let X;,..., Xy be indepen-
dent, mean zero, sub-gaussian random variables. Then, for every t > 0, we

have
ct?
IP’{ Zt} < 2exp (_ﬁ)

where K = max; || X;||y, -
Proof. First, from triangle inequality it holds that
N N
1D Xillva < 1 Xillys < 0,
i=1 i=1

therefore Zf\;l X, is a sub-Gaussian random variable. It suffices to show

that:
N N
1Y Xl I3,
i=1 i=1
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To prove this, we need to use the independence of the random variables
X;. From the assumption that the random variables are mean zero, the sum
is also from linearity of the expectation, hence, using (v) of Theorem 6, we
have that for some absolute constant C' > 0 that

exp (AZXJ] = HIE [exp(AX;)] < HGXD(C)\HXinpQ) = exp (C)\Z HXzH?pQ> )

=1 =1 =1

E

where we used the independence to split the expectation into a product. [
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3.6 Concentration of the norm

We start this section with a strong results that answers the question of where
a random vector is likely to be located according to the ||-||,,,-norm.

Theorem 8. Let X = (X1,...,X,) € R" be a random vector with indepen-
dent, sub-Gaussian coordinates X; that satisfy EX? = 1. Then

X1 = vl < CE?,
where K = max; || X;||y, and C is an absolute constant.

For the proof one can check the proof given in the book high-dimensional
probability page 42. We give some consequences of this result in the form of
exercises.

Show by using Theorem [§] that:

Vvn—CK?*<E|X|, < vn+CK>

Solution. The trick is to use the inequality e* > 1 4+ x to get

e (g x|, = v

Thus we get,
E X1, = vl < [IX], = val|,, <CK?
by definition of the ||||¢2 )

Exercise 3.6.2: Variance of the norm

Show by using Theorem [§] that:

Var(]| X|2) < CK*.

Solution. We now want to show that:
Var(||X|,) < CK*.

For this, we can expand the variance for the norm 2 of X and apply the
previous exercise:

Var(|X1,) = E(1X |5 — E(IX[l,)* < n - (Va+ CK?)? < C*K*
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Exercise 3.6.3: Variance of the norm under finite moment assumption

Let X = (X1,...,X,) € R™ be a random vector with independent
coordinates X; that satisfy EX? = 1 and EX! < K. Show that

Var(]| X|2) < CK*.

Solution. Here, we show that the conclusion of exercise 3.6.2 hold under the
weaker assumptions that X;’s only have a finite moment of order 4. For that,
we first expand and use linearity of the expectation :

E(|IX]5 —n)® =) E(X?X})+n®—2n) E(X})
i, i=1

Now using that E(X?) = 1, we get :
E(||X|? —n)? <n(n—1)+ K*'n+n? —2n*> < K*n

Now this leads to:
E(|X], —vn)* < K*
To conclude, we need to argue that :

Var ([|X],) < E(IX]l, — v/n)*

i.e. can we replace y/n with E(||X3|). But this is straight forward using
exercise 3.6.1.

]

Exercise 3.6.4: Small ball probabilities

Let X = (Xi,...,X,) € R” be a random vector with independent co-
ordinates X; with continuous distributions. Assume that the densities
of X; are uniformly bounded by 1. Show that, for any € > 0, we have

P (| X|l> < ev/m) < (Ce)".

Solution. Here we prove the inequality using the same technique that is
bounding the MGF of X? and using independance.

P ([|X])5 < €®n) = P (~IX[5 > —£°n)
< AR [exp (—A|X[12)]

=[] E [exp (-AX7)]
i=1
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Inserting

)

E [exp (-AX})] < /e_’\z?fi(x) dx < / e M dy =
R

R

>3

we derive

P(|X|? <e®n) <exp | Ae*n — 2log A < (Ce),
2 2 T

where the last inequality holds by optimizing over A and choosing A = 2%2
O

We are now equipped to delve into empirical processes; however, we must
first introduce the concept of random processes and additional tools to effec-
tively handle them.
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Chapter 4

Foundations of Empirical
Processes

In this chapter, we start by introducing the definition of random pro-
cesses, which lays the groundwork for discussing empirical processes and
bounds in the latter part of the chapter. Next, we present the concept of
e—coverings of a set, a fundamental tool in understanding metric spaces
and their structure. We follow with Dudley’s inequality, a powerful in-
equality that plays a pivotal role in bounding the behavior of empirical pro-
cesses using e—coverings of a set. Dudley’s inequality will prove particularly
effective when applied to empirical processes indexed by Lipschitz functions,
offering valuable insights into their convergence properties. After establishing
these tools, we introduce the notion of VC dimension which provides a criti-
cal framework for understanding the complexity of boolean function classes
and their generalization capabilities in statistical learning. After gaining a
clear understanding of how the VC dimension operates, we proceed to its
direct application in the context of empirical processes. By combining the
insights from VC dimension with Dudley’s inequality, we will derive effective
bounds on the risk of error when classifying data.
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4.1 Random processes
A random process (also known as a stochastic process) is a collection

(X3)

teT

of random variables indexed by time or some other parameter.
There are lots of classical random processes:

L. ({(9,1));cr where g is a gaussian random vector in R™ and T'is a subset of R

2. The standard Brownian motion: (X;),., where (X;)t > 0 are indepen-
dant, almost surely continuous random variables and the difference
Xy — X~ N(0,t —s) Vt >s>0.

We can generalise the notion of covariance with the covariance function:

X(t,s) == cov(Xy, Xs) = E[X: Xg], t,s €T where we assume for simplicity that E(X;) = 0Vt
We also define the increments of the random process as:
1/2

d(t,s) = || X; = Xl = (B(X; = X,)?) "7, t,seT.

We can identify for example the increments of a random-walk Z,, =
n .
> n_1 X where X have mean zero and variance one:

d(m.n)* = E(Z, — Zn)’ = EQ)_Xi)* = (m—n)E(X;)>=m —n

Thus we get the result for the increments of random-walks with random
variable that have mean zero and variance 1.
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Exercise 4.1.1: Covariances vs increments

We consider a random process (X;)se;-
1. Fix s >t > 0.
d(t,s)? = E(X; — X,)? = X(t,t) + X(s,5) — 25(t, s)
= (X(t,t) — X(s, 3))2
Thus we get a formulation

2. If we assume that 0 is in the random process then we get that
that each element of the process has mean 0 so the formula above
allows us to isolate (¢, s) and get :

2(t,5) = 5 (2(6,1) + 5(5,5) = | X, — X[a)

4.1.1 Gaussian processes

Definition 4. A random process (Xi)ier is called a Gaussian process if,
for any finite subset Ty C T, the random vector (Xi)ier, has normal distri-
bution. Equivalently, (X)ier is Gaussian if every finite linear combination
> ver, 41Xt s a normal random variable. (This equivalence is due to standard

properties of normal distributions we showed in )

Lemma 4. Let Y be a mean zero Gaussian random vector in R™. Then there
exist points ty,...,t, € R™ such that

Y = ({g,t;)),, where g~ N(0,1I,).

Here ‘=7 means that the distributions of the two random wvectors are the
same.

Solution. Let ¥ denote the covariance matrix of Y. Then we may realize
Y =%Y2g  where g ~ N(0,1,,)

. Next, the coordinates of the vector X'/2g are (t;, g) where ¢; denote the
rows of the matrix /2. This completes the proof. O
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4.2 Tools to work with empirical processes

4.2.1 Nets covering
Definition 5.  Let (T, d) be a metric space, K C T, and € > 0.

(a) e-net: A subset N C K is an e-net of K if every point of K is within
a distance € of some point of N,

Vo e K 3zg € N @ d(z,x) <e.

(b) Covering number: The smallest possible cardinality of an e-net of K
is the covering number of K and is denoted N (K, d,¢). Equivalently,
N(K,d,e) is the smallest number of closed balls with centres in K and
radii € whose union covers K.

(c) e-separated sets: A subset N C T is e-separated if d(x,y) > € for
all distinct points x,y € N.

(d) Packing number: The largest possible cardinality of an e-separated
subset of K is called the packing number of K and denoted P(K,d,¢).
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Definition 6. (Hamming cube). The Hamming cube {0,1}" consists of all
binary strings of length n. The Hamming distance dy(x,y) between two bi-
nary strings is defined as the number of bits where x and y disagree, i.e.

du(z,y) =#{i x(i) #y(i)}, =,y €{0,1}"

Endowed with this metric, the Hamming cube is a metric space ({0,1}",dy),
which is sometimes called the Hamming space.

Exercise 4.2.1: Hamming cube distance is a distance

1. Non-negativity and definit: By definition, dy(z,y) is the
number of positions at which x and y differ. Since this is a count,
we have dy(z,y) > 0. Moreover, dgy(z,y) = 0 if and only if
x =y, as there are no differing positions in this case.dg(z,y) =0
if and only if x = y. This follows directly from the definition, as
dy(x,y) counts the number of positions where z and y differ. If
they do not differ at any position, then z = y.

2. Symmetry: The Hamming distance dgy(z,y) is symmetric be-
cause the number of positions where x and y differ is the same as
the number of positions where y and z differ. Thus, dy(z,y) =
dg(y,z) for all z,y € {0,1}".

3. Triangle Inequality: For any z,y,z € {0,1}", the Hamming
distance satisfies

du(z,z) <dg(z,y) + du(y, 2).

This is because each differing position between z and z must
either differ between x and y or between y and z. Thus, the total
number of differing positions between x and z cannot exceed the
sum of those between = and y and between y and z.
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4.2.2 Dudley’s inequality and chaining
We introduce sub-gaussian increments and present Dudley’s inequality.

Definition 7 (Sub-gaussian increments). Consider a random process (Xi)er
on a metric space (T,d). We say that the process has sub-gaussian increments
if there exists K > 0 such that

| Xt — Xy, < Kd(t,s) forallt,seT.

We are now ready to present Dudley’s inequality. It gives a bound on
the magnitude of a mean zero sub-gaussian random process using only the
covering number of the set of indexation of the process.

Theorem 9. (Dudley’s inequality) Let (X;)ier be a mean zero random pro-
cess on a metric space (T, d) with sub-gaussian increments. Then

Esup X; < CK/ V9og N (T, d, ) de.
0

teT

Proof. We first prove the discrete version of Dudley’s inequality.

Esup X; < CKZQ_k\/logN(T, d,27F).

teT keZ

We may assume that T is finite and the constant K of our increment is 1.
Indeed, applying Dudley’s inequality to % that has sub-gaussian increment
constant K=1 gives us the claim. Also, we may assume that T is finite be-
cause by definition of the supremum, having the claim for all subset Ty C T
that is finite, means having the claim for T. Then, if we have the discrete
version of Dudley’s inequality automatically gives us the continuous version
by expressing 27% = 2 f;j_l de and summing over Z.

Step 1: The first step of the proof is the chaining set up. Let ¢, =
1/2%, k€ Z, and let Ty be g-nets of T with |Ty| = N(T,d, e).

Since T is finite, there exists integers k; and ko such that

Ty, = {to}( for some ty € T) and Ty, =T. (*)
For a point t € T, let 7. (t) denote a closest point in T}, so we have
d(t, m(t)) < eg.
Since EX;, = 0, we have:

Esup Xt = ]ESUp(Xt — Xto)'

teT teT
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We can express X; — X, as a telescoping sum; imagine moving from ¢
to ¢ through a sequence of points 74 (t), each providing increasingly precise
approximations of ¢:

X — Xy = (Xﬂ',.i(t) — X)) + (Xm+1(t) — Xm(t)) + o (X — Xm{(t)),

Now, using (*), we get :

K

Xi= X = Y (X = Xna) -

k=k+1

Now, by taking the supremum and summing, we get:

K
Esup(X, — X;,) < Y Esup (X0 — Xr, ) -
teT kert1 teT

It now remains to bound the increments this can be derived from sub-
gaussianity of the random variables:

1 Xret) = Xy e < d(mi(t), M1 (t)) since K =1
< d(m(t),t) + d(t, mp—1(t)) (by triangle inequality)
< ek + €k
< 2ep-1.

We can now conclude from using Exercise that a maximum of N sub-
gaussian random variables is bounded by C'Llog(N) for some C' > 0 which
gives us:

Esup (ka(t) — X7Tk-1(t)) S Cgk—l vV 10g |Tk|

teT

and the proof is completed.
O

We now present an example of an empirical process indexed by L-Lipschitz
function and look at some application of Dudley’s inequality to it.

If we take F = {f : R — R : ||f|lnip < L} the set of all Lipschitz-
continuous functions than have a Lipschitz norm less than L, then the random
process :

Xy =237 F(X0) — B(F(X))

where f € F and X; are independent identically distributed random variables
with the same law as X is an empirical process.

Here, we give an application of Dudley’s inequality to the empirical pro-
cess we just presented.
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Theorem 10 (Uniform law of large numbers ). Let X, X7, Xo,..., X, be
i.i.d. random variables taking values in [0, 1] and F be the class of L-lipschitz
functions. Then

CL
<=,

vn

E sup
fer

LS f(x) — BF(X)

n <
1=

Proof. We may assume that L=1 as we can consider % for f € F and then ap-
ply the result of the theorem with the function % that has Lipschitz constant
1. we then recover the claim by multiplying by L.

LS ) —Efx0)| < SF

n <
1=

E sup
fer

NG

Our goal is to apply Dudley’s inequality to the empirical process:
1 n
Xp= - f(Xi) - B(f(X))
k=1

In order to bound the order of magnitude.
Now we need to check that the empirical process we defined just above has
sub-gaussian increment.

Xy = Xilly, =

>z
k=1

1
n
P2

where Z; = (f — g)(Xi) + E(f — g)(X)
Using that Z; have mean 0 and are independent: we have:

n 1/2
1
17 = Xyl S - (Z uzz-n?m) .
=1

Now using centering lemma we proved in chapter 2, we get:

1Zill. S (= 9)(Xillws S NS = 9lloo-

Our random variables have sub-gaussian increments with respect to the L>
distance, we can now use Dudley’s inequality to the random process in order
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to bound the order of magnitude but first we can see that functions have L>
norm bounded by 1 so we can just stop the integral at 1 since the covering
number for ¢ > 1 will just be 1.

1 1
Esup|X;| = Esup |X; — Xo| < —/ VIog N F - lor?) de.
feF feF Vv Jo

Now, in the next exercise, we will prove that
N(‘F7 || ’ ||007€)

is bounded by (%)% for € € (0,1) which concludes the proof. ]

Exercise 4.2.2: Bound on the covering number of Theorem 10

We want to show the bound

NE | o) < <§> Ve € (0,1)

Solution. Lets fix € € (0,1). To outline the proof, we construct a grid with
spacing € along the y-axis and € along the x-axis. Next, we consider functions
defined on this grid that are piecewise linear, where each segment has a slope
of either +1 or —1. There are approximately 1/e initial points, and from
each of these points, there are 2'/¢ possible slope configurations. It follows
that this collection forms an O(e) covering which concludes the proof. O]

In the next section, we present a new tool to obtain effective bounds on
the class of boolean functions.
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4.2.3 VC dimension

The VC dimension (Vapnik-Chervonenkis dimension) is a fundamen-
tal concept in statistical learning theory that measures the complexity or
capacity of a class of functions (or hypothesis space).

Definition 8 (VC dimension). Consider a class F of Boolean functions on
some domain 2. We say that a subset A C Q is shattered by F if any function
g: A —{0,1} can be obtained by restricting some function f € F onto A.

The VC' dimension of F, denoted vc(F), is the largest cardinality of a
subset A C Q) shattered by F.

Exercise 4.2.3: VC dimension of intervals

Let F be the class of indicators of all closed intervals in R, that is
JE = {1[(1’1,} ca,be R, a < b}

We claim that there exists a two-point set A C R that is shattered by
F, and thus
ve(F) > 2.

Solution. take Q = {0,1} be our two points of R. We verify that this two
points set is shattered by F. Consider any boolean function from 2. If this
boolean function takes value 1,1 (resp 0,0) then it suffices to take the indicator
of [—1,1] (resp [100,200]). Else, without loss of generality we can assume
that it takes value 1 on 0 and 0 on value 1 (Even if it means symmetrizing).
Then take the interval [3,1]. Then the above function is the restriction of
this indicator function to €2. So this proves that {2 is shattered by F thus
the result.

O

Exercise 4.2.4: VC dimension of pairs of interval

Let F be the class of indicators of sets of the form [a,b] U [¢,d] in R.
Show that
ve(F) = 4.

Solution. It is essentially the same idea as presented in the exercise just
above. We show that any boolean function from 4 ordered points x1 < --- <
x4 is the indicator of F by doing a disjunction of case. Then we show that
no boolean function from 5 ordered points is shattered by F. O]
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Exercise 4.2.5: VC dimension of Circles

Let F be the class of indicators of all circles in R?. Show that

ve(F) = 3.

Solution. First we prove that
ve(F > 3)

Indeed, if we pick for example 3 points 1, x2, x5 of the plane R? that are
the vertices of some equilateral triangle, then it is easy to check that any
boolean function from these three points can be written as the indicator of
some circle. For example, take the function which is 0 on z; and 1 on x5, x3.
Then the circle that has radius £ |23 — 22| and is centered at %224 contains
the points x5 and x3 and doesn’t contain z; by the way we chose 1, xo, x3.
This proves that the boolean function we just picked is this indicator of some
circle. Thus we proved that:

ve(F > 3).

Now, we show that ve(F < 4) which will conclude on the result. Indeed,
lets pick 4 points 1, ..., x4 in R?. Then take the two points that are furthest
to each other. Without loss of generality, these two points are z; and zs.
Now, we want to show that boolean functions from Q = {zy, ..., x4} cannot
be restriction of indicators of circle. Indeed, take the function that takes
value 1 for xq,x3. This means that x1,x3 are in some circle. But now this
would mean that this circle also contains x5 or x4, by the way we chose points
21 and 3 .This concludes that there is no function that is the indicator of a

circle that can take value 0 at both =5 and xz4.
O

Give the definition of the VC dimension for a class of subsets of 2
without mentioning any functions.

Solution. The VC dimension of a class C of subsets of a set ) is the
largest integer d such that there exists a subset of € of size d, denoted
{x1,x9,...,24}, that is shattered by C.

A subset {xy,z9,...,24} is shattered by C if, for every subset S C
{1, 9,...,24}, there exists a set C' € C such that

Cﬂ{flﬁl,QTg,...,flj‘d}:S.
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If no such d exists, the VC dimension is infinite. O]

Lemma 5 (Pajor’s lemma). Let F be a class of Boolean functions on a finite
set ). Then
|F| < {A C Q: A is shattered by F}| .

We include the empty set A = () in the counting on the right side.

Proof. The proof is done by induction on the cardinality of €2 for more details,
see [I, Chapter §]. O

Lemma 6 ((Sauer-Shelah Lemma)). Let F be a class of Boolean functions
on an n-point set €. Then

where d = ve(F).

Proof. Pajor’s Lemma states that |F| is bounded by the number of subsets
A C Q) that are shattered by F. The cardinality of each such set A is bounded
by d = ve(F), according to the definition of VC dimension. Thus,

Flsinenmsal=3 ;).

k=0

since the sum on the right-hand side gives the total number of subsets of an
n-element set with cardinalities at most k. This proves the first inequality
of Sauer-Shelah. O

Theorem 11 (Covering number via the VC dimension). Let F be a class of
Boolean functions on a probability space (2,2, ). Then, for every e € (0,1),
we have

N < (2)

where d = ve(F).

The proof can be found in [I, Chapter 8§].
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4.3 Empirical processes via the VC dimen-
sion

In a previous section, we demonstrated how to bound an empirical process,
focusing on a class of functions that are Lipschitz continuous. In this section,
our objective is to establish an alternative bound for the empirical process,
this time utilizing a bound specific to Boolean functions. To achieve this, we

will leverage the concept of VC dimension as a new tool to derive the desired
bound.

Theorem 12 (Empirical process via VC dimension). Let F be a class of
Boolean functions on a probability space (2,3, u) with finite VC dimension
ve(F) > 1. Let X, Xy, Xo, ..., X, be independent random points in S dis-
tributed according to the law p. Then

vc(]:)'

n

<C

E sup 1 > F(X) - Ef(X)

feF | Mz

Proof. The general idea is to apply Dudley’s inequality to our random process
and then use the theorem of covering number via the VC dimension (for more
details see ”empirical process via VC dimension” [I, Chapter 8]). It is useful
to pre-process our random process using symmetrization. ]

Exercise 4.3.1: Symmetrization of the random process

Let F be a class of functions on a probability space (€2, ). Let
X, X4y, Xs, ..., X, berandom points in € distributed according to the
law p. Prove that

n

LS F(x) — EF(X)

n <
=1

n

l Z Eif(Xz‘)

n <
=1

E sup
feFr

< 2Esup
feF

?

where €1, €9, . .. are independent symmetric Bernoulli random variables
(which are also independent of X7, X5, ...).

Solution. Let Z; = + (f(X;)) — f(X)) Let (Z!) be an independent copy of
the random vectors (Z;). Since ) . Z! has zero mean, we have

p=E|Y 7| <E|Y z-Y z| =E|Y (Zz - 2)

7
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The inequality here is an application of the following version of Lemma 6.1.2
[1] for independent random vectors Y and Z:

ifEZ=0 then E|Y| <E|Y +Z|.

Next, since (Z; — Z!) are symmetric random vectors, they have the same
distribution as ¢;(Z; — Z]) (see Exercise 6.4.1) [I]. Then

p<E|> ez - Z)

(2

<E ZEiZi
ZéiZi

+E (by triangle inequality)

ZEZZZ/

=2E (since the two terms are identically distributed).

]

We now give an important application of theorem[I2], which is the Glivenko-
Cantelli theorem. This theorem answers a basic question we may ask our-
selves: How to estimate the distribution of a random variable X given some
sample Xy,..., X,,.

Suppose we have a collection of i.i.d. random variables X;,..., X, all
following the same distribution as X. It is natural to estimate F(z) by
calculating the proportion of sample points satisfying X; < z. This leads to
the empirical distribution function, defined as:

Fo(z) = LED nX =3l Ler

Observe that F,(z) is a random function as it depend on the random
variables X1,..., X,

Theorem 13 (Glivenko-Cantelli-Theorem). Let X, ..., X,, be independent
random variables with a common cumulative distribution function F'. Then,

C

El|Fn = Flloe = Esup [F(z) — F(x)] < NG

Proof. We consider the class of functions : F = {1(_wq,a € R} and let

be the measure on R to be the law of X;. Then we know from exercise [4.2.3

that the VC dimension of F is 2. Thus we can immediately conclude from
theorem [12

O
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4.4 Application: Statistical learning theory

Statistical learning theory is a mathematical framework that explores how
machines can learn patterns from data, focusing on understanding the per-
formance of learning algorithms in predicting unseen data by analyzing the
trade-off between fitting the training data and ensuring generalization to new
data, using concepts like hypothesis spaces, risk minimization, and complex-
ity measures such as VC dimension to guide the design and evaluation of
these algorithms. A typical problem in statistical learning can be stated as
follows. Consider a function 7" : €2 — R on some set €2, which we call a target
function. Suppose that T is unknown. We want to learn T from its values
on a finite sample of points X7 ... X, € ). Thus our training data is:

(), T(z;) i=1,...,n

our goal is to make some good prediction on some new value 7'(X) for X
outside of our training sample based on the data we have. In this section, we
focus on a specific class of functions defined on a set F, where T' is a Boolean
function (taking values 0 or 1). The function 7" classifies points within the set
Q2. This important category of learning tasks is referred to as classification
problems.

4.4.1 Risk fit and complexity

In a learning problem, the solution can be represented as a function f : {2 —
R. Ideally, we want f to approximate the target function 7' as closely as
possible. To achieve this, we aim to select f that minimizes the risk, defined
as

R(f) ==E[(f(X)-T(X))"].
Here, X is a random variable that follows the distribution PP, which is the
same as the distribution of the sample points X;,...,X,, € Q.

In classification tasks, both T and f are Boolean-valued functions. In
this case, the risk becomes

R(f) =P(f(X) # T(X)).

Given that the set of functions f can be extremely large, it is common prac-
tice to restrict our search to a more constrained subset, referred to as the
Hypothesis Space.
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4.4.2 Empirical Risk

Based on a given data, what would be the function that best approximates

Definition 9 (Empirical risk). The empirical risk for a function f:Q — R
15 defined as:

k=1

We will denote by f; := argminger R, (f) the function that minimizes
the empirical risk over the hypothesis space. f* and R, (f) are quantities that
can be computed from a given data. Now, we would like to quantify how big
the excess risk is that is how big is

R(f;) = R(J")

We give an answer to this question in the next section.

4.4.3 Bounding the Excess Risk by the VC dimension

Theorem 14 (Excess Risk via VC dimension). Assume that the target T is a
Boolean function, and the hypothesis space F is a class of Boolean functions
with finite VC' dimension ve(F) > 1. Then

Vc(]:).

n

ER(fy) < R(f*)+C

We deduce this theorem from a uniform deviation inequality that we proved
in Theoren{ld. The following elementary observation will help us connect
these two results.

Lemma 7 (Excess risk via uniform deviations).

R(fy) — R(f) < 2sup [R,(f) — R(f)]
fer

Proof. Denote € := sup ez |Rn(f) — R(f)|. Then,

R(fX) < R, (f)) +e (since fr € F by construction)
< R.(f")+e¢ (since f; minimizes R, in the class F)
< R(f")+2¢ (since f* € F by construction).

Subtracting R(f*) from both sides, we obtain the desired inequality. [
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Bounding the excess risk. By Lemma [4.4.3] it suffices to show that

vc(}").

Esup [Rn(f) = R(f)] S
feFr n

Recalling the definitions of the empirical and true (population) risk, we
can rewrite the left-hand side as

1
n

Esup
teL

S 0x) — BU(X)

where L is the class of Boolean functions defined as

L={(f-T):feF}

let us recall that in the proof of Theorem we first bounded the term by

J=E [ VI NTE ). e,

up to an absolute constant factor. It is not hard to see that the covering
numbers of £ and F are related by the inequality

N(L, L* (i), €) < N(F, L), €)  for any € € (0,1).

Thus, we may replace £ by F in the bound, paying the price of an absolute
constant factor. Following the remaining steps of the proof of Theorem
we conclude that is bounded by

ve(F)

n

as desired. O
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Appendix

We gather in this section a collection of result that can be interesting when
studying probabilities.

Appendix
Limit theorems
Theorem 15. Let X1, Xs,... be a sequence of i.i.d. random variables with
mean |1 and finite variance. Show that:
1 — 1
E|— X,—pul=0(— as N — oo.
w2 =0 ()

Proof. By the Central Limit Theorem

\/LN <Zi1XZ —Nu) — Z  where Z ~ N(0,0%).
Thus:
X
VN - N;Xi—u —1Z|.
Since E(|Z]) is finite, we conclude that:
1« 1
E N;Xi—u :O(\/—N>.

[]

Theorem 16 (Poisson limit theorem). Let Xn;, 1 <i < N, be independent
random variables Xy ; ~ Ber(py.), and let

N
SN == ZXN’Z"
=1
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Assume that, as N — 00,

N
Ii%&}\)/(p]v’i —0 and ESy= ZpNJ — A < 00.

i=1
Then, as N — oo,
Sy — Pois(\) in distribution.

Lemma 8 (tail of the normal distribution). Let g ~ N(0,1). Then for all
t >0, we have

1 1 1 e 11 _p
S o) —e <P{g>tl <. —e /2
(t t3> vl sPleztsg

Exercise 4.4.1: Truncated normal distribution

Let g ~ N(0,1). Show that for all ¢ > 1, we have

1\ 1
Eg*ligsy =t ——e "2+ P{g>1} < <t + ‘) /2,

1
V2m t) \2m
Proof. Let g ~ N(0,1), let t > 1 . Using lemma [§| about tails of the normal

distribution, we have that P(g > ¢) < 1 - \/%e*tzﬂ So we have the result

for the inequality. Now we want to show that the expectation matches the
identity. Using transfer formula, we get:

1 —x
E(g21{g>t}):/$2]‘x>tme 2/2d1’.

R

Now we integrate by part by integrating z.e=*" and differentiating z - 1,~; to

get the result. ]

The following useful lemma helps us to understand the link between sub-
gaussian and sub-exponential random variables:

Lemma 9 (Product of sub-gaussians is sub-exponential). Let X and Y be
sub-gaussian random variables. Then XY is sub-exponential. Moreover,

XY Ny < TX N 1Y Nl -

Proof. This lemma follows easily from the important Young’s inequality and
the monotonicity of the expectation. O
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Orlicz spaces

In this small section, we show that Sub-gaussian and sub-exponential can be
embedded in a more general notion that is Orlicz space. An Orlicz function
is a map v : [0,00) — [0, 00) that is increasing and convex such that :

¥(0) =0, lim,_, ¥ (x) = oo and In the same way as before , we define the
Orlicz norm:

[1XT[ = inf{t > 0, E(y(]X|/t) < 2)}

The set of all random variable with finite Orlicz norm will be denoted L.
We will only verify the triangular inequality:

Exercise 4.4.2: || X, norm

Show that ||X||, is indeed a norm on the space L.

Proof.

B (o5 < B @x) ) + R WY,

Now letting:
a =[] X[y, b =[|Y]]y

, we get that a + b is in the set of
{t:E(p(X +Y)/t)) <1}
so we get the result. O

What’s interesting that Orlicz space is that it generalizes the definitions
of LP spaces, sub-gaussians and sub-exponential random. Any Orlicz space
is a Banach space.

Frames

For a highly discrete distribution example, let us define a coordinate random
vector X that is uniformly distributed over the set

{\/ﬁei}?:l

where {e;}!' | represents the canonical basis of R".
This distribution can be expressed as

XNUnif({\/ﬁei:izl,...,n}).
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It follows that X is an isotropic random vector in R".

Definition 10. A frame is a set of vectors {u;}¥, in R™ which obeys an
approximate Parseval’s identity, i.e., there exist numbers A, B > 0 called
frame bounds such that

N
Allz|3 <> (ui,2)* < Bllzlf3  for all z € R™.
i=1

If A = B, the set {u;} Y, is called a tight frame.

Exercise 4.4.3: Tight frames condition

Show that {u;}, is a tight frame in R with bound A if and only if

N
g u,uZT = Al,.
i=1

Solution. (u;)?_; is a tight frame with bound A if and only if :

Vo € R" Y ((u;, )* — Az}) =0

=1

Taking x = (x, u;)e; for all i € R™ we get the first equality. Now if we assume
that : >, wu] = AI, then by multiplying both sides by z” and z, we get:

n

S i) s, ) = Al

i=1

which exactly means that (u;);—1., is a tight frame.
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